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§ 1. Introduction 

During the 20th century game theory has become one of the many intensively emerging areas of 

academic knowledge. The fields of potential application are enormously wide: from board and sport games 

to business and military decisions of utmost importance. John von Neumann has been recognized by many 

as a key figure in game theory. 

"Of the many areas of mathematics shaped by his genius, none shows more clearly the 

influence of John von Neumann than the Theory of Games." (Kuhn and Tucker 1958, 100) 

There has been however another publication that one may consider more fundamental. On the other 

hand, undoubtedly, that fact should not depreciate the role of the great man in the history of social sciences 

and mathematics as he is the sole author of that work. The minimax theorem has been proven by John Von 

Neumann; the proof was published in a relatively small paper called "Theory of Parlor Games" in 1928. It 

was not until 16 years later that he published his second legendary work (Theory of Games and Economic 

Behavior), that was written in cooperation with Oskar Morgenstern, an Austrian economist how was a 

faculty member at Princeton at that time. 

I have always respected history as a study of past errors and accomplishments so as an 

incomprehensibly vast collections of experiences. In general I do however prefer not to mix history of the 

question with the question itself. In my paper, from here and on, I will not focus upon the historical aspect. 

I would like to discuss the very same subject that John Von Neumann has already discussed in his 

"Theory of Parlor Games". In other words I wish to discuss a proof of the famous minimax theorem also 

widely known as the fundamental theorem of Game theory. Yet here are some distinguishing properties 
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that I would like to draw one's attention upon: most of the considerations that will be used are neither new 

nor unknown; the mathematical methods therefore may be completely dissimilar to the one's that were 

used by Van Neumann; the main and probably only important point of uniqueness of this work lies in the 

targeting my research to fit the background of a person who has absolutely so special knowledge in 

mathematical economics. I am going to try to disassemble every step that may not be as trivial to some 

people who are interested in game theory as it is to the target audience of the works that I am going to base 

my research on. Some of the explanations will be accompanied by diagrams and illustrations. Sometimes it 

may not seem to be the most perfectly precise way to make statements. Nonetheless, I hope that this 

method will help the fundamental theorem to become clearer to the public. 
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§ 2. Convex linear combination and convexity 

I would like to point out the nature of the process of finding a convex linear combination of points. 

Whether we are considering just a pair of points or more we can simply look at the coordinates in one of 

the dimensions and extrapolate our observations. If we need to find a convex linear combination of points 

A, B, C and D in some Euclidean space and 𝑥A, 𝑥B, 𝑥C and 𝑥D are the coordinates of the corresponding 

points with respect to one of the dimensions of the above-mentioned space, then 𝑥X, (the 𝑥-coordinate of 

the point we are looking for) should be somewhere in between the maximum and the minimum of 𝑥A, 𝑥B, 

𝑥C and 𝑥D. For example if 𝑥C<𝑥A<𝑥B<𝑥D (𝑥C is the left bound and 𝑥D is the right bound) then we can 

definitely say that 𝑥C<𝑥X<𝑥D (𝑥X is between the minimum and the maximum). The more exact placement is 

not relevant for the purposes of our investigation and is dependent on the choice of 'weights' or the 

multipliers that allow combining the 𝑥-coordinates of the given points. In other words, if we apply an 

(imaginary) function that we can call 'convex linear combination' to a finite number of points on the output 

we will obtain one point that will lie somewhere 'inside' or in between the input points. If the same function 

is applied to a set Y that, say, includes an infinitive number of points (which is the same as applying the 

function an infinite number of times to all of the available pairs, triples and other combinations of points 

that belong to the set Y) the nature of the of the process is not going to change. The obtained points will be 

filling all gaps between the points of the set. That means that all initial points will be included. In addition to 

that, some additional points may be added. To illustrate the essence of the process I am going to provide a 

simple diagram that will represent a set of points a plane 
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On the left in blue one can see the members of the initial set of discrete points. On the right in red we 

observe the result of the operation. All points of the initial set are included in the output. In addition, some 

points that were not members of the initial set but were linear combinations of some points of that set now 

belong to the resulting set. If the initial and resulting sets (the input and the output of the imaginary 

function called ‘convex linear combination’) are identical then and only then this set is called a convex set. 

 

 

 

 

Even though this definition is the one that I am going to use in this paper as a tool in the proof of the 

fundamental theorem I would like to give an alternative definition which comes from a slightly more 

geometric context. Please note that those two definitions are equivalent. This means that they coexist 

within the same theory and can be obtained one from another.  

Y is a convex set if for every pair A and B both of which 

belong to the above mentioned set all points on the closed 

interval from A to B are also members of the subset.  

Ex: The 2-dimentioal non-discrete set that is represented by 

the illustration on the left is not a convex set because not all 

points on an interval between one or more pair of A and B points 

are members of that set (like, for instance, points E and F here).  

Note that some of them are in fact members of that set. 

  

B 

A 

E 
F 
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§ 3. Wording the fundamental theorem 

The fundamental theorem of the theory of games has its own name: minimax theorem. The reason 

why it is often considered to be fundamental for that particular field is that it has indeed become a base for 

the further development of the theory. John Nash’s Theorem (which I will not discuss in this paper) 

recaptures the idea and makes a stronger statement that can definitely lead to a more direct application. 

The word “fundamental” in this context should not be interpreted as “the most used”, or “the best”, or “the 

strongest”. One should rather imagine it being the one to support the theory and to serve as a supporting 

argument for the further theoretical research.  If we were to ask a person who is competent in game theory 

to state the minimax without pen or paper using only words and no formulas, that person may state the 

theorem as follows: 

1. 

(bad) 

For every two-person, zero-sum game there exists a mixed strategy for each 

player such that the expected payoff for both is the same value 𝑉(and –𝑉 

respectively) when the players use these strategies. Furthermore, 𝑉 and –𝑉 is 

the best payoff each can expect to receive from a play of the game; hence 

these mixed strategies are the optimal strategies for the two players to employ. 

1 

2 

3 

4 

5 

 

But this may confuse a person who is not fully aware of the terminology that is widely used in the 

theory of games. Many highly experiences mathematicians, scientists and very much gifted and deservedly 

honored and respected specialists tend to confuse correctness for amateurishness. In fact, I would like to 

argue that the following statement is more accurate and I will give two reasons why. 
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2. 

(good) 

For every two-person, constant-sum game with a finite number of moves, 

there exists a value  𝑉1, a value  𝑉2 and a pure or a mixed strategy for each 

player, such that: 

 

a) Given player 2's strategy, the best payoff possible for player 1 is 𝑉1 

b) Given player 1's strategy, the best payoff possible for player 2 is 𝑉2 

1 

2 

3 

4 

5 

6 

 

Both statements were designed to describe the same statement. The difference is in the description of 

the formal facts and the supporting terminology. The second formula is more reasonable because: 

× 2. describes the nature of the game better by using the word ‘finite’ (2. line 1). In real life our 

potential choice and strategy baskets are most likely to be infinitely complex. The details however 

can be illuminated to trace the patterns of the consequences of some discrete decisions. (Ex. 

Consider [1] making a bet with a friend vs. [2] making the same bet with the same friend 5 

seconds later, right after smiling scornfully vs. [3] not making a bet at all. Clearly, under certain 

circumstances, the first two strategies should be merged to avoid some unnecessary analysis) 

× 1. states that the payoffs are equal (1. lines 2-3). It implies that the two payoffs are in some kind 

of relationship to each other; which is not true. To illustrate this I would like to ask you to imagine 

a situation in which a stable solution has been achieved with or without using mixed strategies. If 

in that situation rules of the game suddenly change so that all future payoffs of one of the players 

must be multiplied by a certain constant (which is not be too big or too close to zero) the strategy 

of that player will not even change in terms of the “moves” that he makes. Therefore the 

equivalence of the values is of no importance.  
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§ 4. The map of the proof 

Now that I have established the wording and stated the theorem all that is left is the proof. Every proof 

can be normally summarized into a point-form list of steps. The steps that are ought to be taken to prove 

the Fundamental Theorem are: 

 

 

1. State the theorem (verbal wording) 

2. Prove the lemma(s) that will be used subsequently 

3. State and prove the alternative wording (explicitly related to set theory) 

4. Show the equivalence of the alternative wording and the original (verbal) wording 
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§ 5. Lemmas and Supporting Theorems 

Supporting theorem I  

∀ 𝑥,𝑦 and 𝑓 𝑥,𝑦 ∈ ℝ 

As we all should know there are two very common mathematical functions that use a function and any 

of its arguments as an input and return an extrema (largest/smallest value) of that function in a form of a 

function of the rest of its inputs (arguments). They are called maxima and minima, and are denoted like 

this, respectively: 

max
𝑥

𝑓(𝑥,𝑦) = 𝑔 𝑦                 min
𝑦

𝑓 𝑥,𝑦 = 𝑕(𝑥)  

 

Theorem: 

If…

¶ ∃ max𝑥 𝑓(𝑥,𝑦)  

¶ ∃ min𝑦 𝑓(𝑥,𝑦)  

¶ ∃ max𝑥 min𝑦 𝑓(𝑥,𝑦)  

¶ ∃ min𝑦 max𝑥 𝑓(𝑥,𝑦)  

…then 

max
𝑥

min
𝑦

𝑓(𝑥,𝑦)  ≤  min
𝑦

max
𝑥

𝑓(𝑥,𝑦)  

So what this means is that the number (because that’s what 𝑓(𝑥,𝑦)  becomes after we get rid of all of 

its arguments) that we get after taking the smallest of the maximas should be at least as big as the one that 

we might have obtained should we have taken the largest of the minimas. 
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Proof: 

Because any minima is at least as small as any value of the function and maxima is at least as big as any 

value of the function we can conclude that any minima is less or equal than any maxima. Including these 

particular ones:  

min
𝑦

𝑓(𝑥,𝑦) ≤ max
𝑥

𝑓(𝑥,𝑦)  

As I have mentioned earlier min𝑦 𝑓(𝑥,𝑦)  is always just a function of 𝑥, and is independent of 𝑦. Also 

note that any extrema is a subset of the original function. If some independent member min𝑦 𝑓(𝑥,𝑦) is less 

than the whole set of values of  max𝑥 𝑓(𝑥,𝑦)  it is also inherently less than its extrema min𝑦 max𝑥 𝑓(𝑥,𝑦)  : 

min
𝑦

𝑓(𝑥,𝑦) ≤  min
𝑦

max
𝑥

𝑓(𝑥,𝑦)  

min𝑦 max𝑥 𝑓(𝑥,𝑦)  is simply a constant real number and max𝑥 min𝑦 𝑓(𝑥,𝑦) ∈ min𝑦 𝑓(𝑥,𝑦) . So because 

everything that is right for the set is also right for its subset one can conclude that: 

max
𝑥

min
𝑦

𝑓(𝑥,𝑦) ≤  min
𝑦

max
𝑥

𝑓(𝑥,𝑦)  

…which successfully proves the theorem. 
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Supporting theorem II  

Let 𝑎1,… ,𝑎𝑛  be 𝑛 real numbers and at least one of them is not zero. And let 𝑏 be any real number. 

Then the set of points of 𝐸𝑛  (which, by the way, denotes an Euclidean space with 𝑛 dimensions) with 

coordinates  𝑥1 … 𝑥𝑛  such that 

𝑎1𝑥1 +  … +  𝑎𝑛𝑥𝑛 = 𝑏 

is called a hyperplane of 𝐸𝑛  

The open sets defined by 

𝑎1𝑥1 +  … +  𝑎𝑛𝑥𝑛 > 𝑏 

and 

𝑎1𝑥1 +  … +  𝑎𝑛𝑥𝑛 < 𝑏 

are called half-spaces corresponding to the hyperplane. 

A hyperplane in a two-dimensional Euclidean space is a line. A hyperplane in a three-dimensional 

Euclidean space is a regular plane, and a hyperplane in a one dimensional space is simply a point. But the 

same concept is simply interpolated on an 𝑛-dimensional space. 

Theorem: 

Let 𝑋 be a closed convex set in 𝐸𝑛 , and let 𝑥 be a point of  𝐸𝑛  which does not belong to 𝑋. Then there 

exists at least one hyperplane, 𝑃, which contains 𝑥, such that 𝑋 is a subset of exactly one of the two half-

spaces corresponding to 𝑃. 
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Supporting theorem III  

𝐴 and 𝐵 are two closed subsets. Let 𝑓 be a function 

returning a real numbers such 𝑓(𝑥,𝑦)  is defined whenever 

𝑥 ∈ 𝐴 and 𝑦 ∈ 𝐵. Let  

max
𝑥

min
𝑦

𝑓(𝑥,𝑦)  

and 

min
𝑦

max
𝑥

𝑓(𝑥,𝑦)  

both exist. 

 

 

Theorem: 

If 𝑓 𝑥,𝑦  possesses a saddle-point then and only then max𝑥 min𝑦 𝑓(𝑥,𝑦) = min𝑦 max𝑥 𝑓(𝑥,𝑦)  

Moreover, if  𝑥0 𝑦0  is any saddle point of 𝑓(𝑥,𝑦)  then 

𝑓 𝑥0,𝑦0 = max
𝑥

min
𝑦

𝑓(𝑥,𝑦) = min
𝑦

max
𝑥

𝑓(𝑥,𝑦)  
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Lemma 

From this point and now on we will be making use of the concept of a specific type of sets: matrixes. 

A is any matrix such that… 

𝐴 =  

𝑎11 … 𝑎1𝑛

⋮  ⋮
𝑎𝑚1 … 𝑎𝑚𝑛

  

 

Lemma: 

For any matrix A there are only two possibilities (note: a vector here is a 1xN matrix) 

I. We can find vector  𝑥1 … 𝑥𝑚  with nonnegative elements such that for every column of matrix A 

(there are 𝑛 columns from 𝑗 = 1to 𝑗 = 𝑛) all these sums are more or equal to zero: 

𝑎1𝑗𝑥1 +  𝑎2𝑗𝑥2 +  … + 𝑎𝑚𝑗 𝑥𝑚 ≥ 0,                for 𝑗 = 1,2,… ,𝑛 

II. We can find vector  𝑦1 … 𝑦𝑛  with nonnegative elements such that for every row of matrix A (there 

are 𝑚 rows from 𝑖 = 1to 𝑖 = 𝑚) all these sums are less or equal to zero: 

𝑎𝑖1𝑦1 +  𝑎𝑖2𝑦2 +  … + 𝑎𝑖𝑛𝑦𝑛 ≤ 0,                for 𝑖 = 1,2,… ,𝑛 

 

Essentially, the way such lemmas with tree-shaped statements are normally used is by using both parts 

one right after the other and showing that both sub-statements lead to the same result. 

Proof: 

 

The Kronecker delta symbol is a symbol that takes values according to the following rule: 

𝛿𝑖𝑗 = 0    𝑖𝑓 𝑖 ≠ 𝑗 

𝛿𝑖𝑗 = 1    𝑖𝑓 𝑖 = 𝑗 

We define the following variables as: 
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𝛿 1 =  𝜹𝟏𝟏  𝛿21  𝛿31  …   𝛿𝑚1  

𝛿 2 =  𝛿12  𝜹𝟐𝟐  𝛿32  …   𝛿𝑚2  

𝛿 3 =  𝛿13  𝛿23  𝜹𝟑𝟑  …   𝛿𝑚2  

𝛿(𝑚) =  𝛿1𝑚   𝛿2𝑚  𝛿3𝑚  …   𝜹𝒎𝒎  

 

Each of these vectors represents a point in an 𝑚-dimensional space 𝐸𝑚 . Every column in the scheme 

above corresponds to a dimension on the space and all coordinates equal to zero except for the ones 

marked in bold which are equal to 1. 

We also define these as follows 

𝑎 1 =  𝒂𝟏𝟏  𝑎21  𝑎31  …   𝑎𝑚1  

𝑎 2 =  𝑎12  𝒂𝟐𝟐  𝑎32  …   𝑎𝑚2  

𝑎 3 =  𝑎13  𝑎23  𝒂𝟑𝟑  …   𝑎𝑚2  

𝑎(𝑛) =  𝑎1𝑚   𝑎2𝑚  𝑎3𝑚  …   𝒂𝒎𝒎  

Each of these vectors represent a point, such that its coordinates are the members of the 𝑗𝑡𝑕  column 

of our initial matrix of 𝐴. 

Let 𝐶 be a convex hull of the set of 𝑚 + 𝑛 points 

𝛿(1) ,𝛿(2) ,… ,𝑎(1) ,𝑎(2) ,… ,𝑎(𝑛)  

… and the origin of 𝐸𝑚  be 𝑧 =  0  0  0… 0  
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There are two cases that should be considered: 𝑧 does and does not belong to the hull 𝐶. 

Let us review the first case: 𝑧 ∈ 𝐶. Therefore, 𝑧 is a convex linear combination of the points 

𝛿(1) ,𝛿(2) ,… ,𝑎(1) ,𝑎(2) ,… ,𝑎(𝑛)  (recall § 2) and then we are able to find an element   𝑢1 …  𝑢𝑚   𝑣1 … 𝑣𝑛   

such that:  

𝑢1𝛿
(1) +  … + 𝑢𝑚𝛿(𝑚) +  … +  𝑣𝑛𝑎(𝑛) = 𝑧 

This equation means that we have 

 𝑢1𝛿𝑖1 +  … + 𝑢𝑚𝛿𝑖𝑚  +  𝑣1𝑎𝑖1 +  … + 𝑣𝑛𝑎𝑖𝑛  = 0  for 𝑖 ∈ [1,𝑚]  

and taking the definition of the delta symbol into account (multiplying by 1s and 0s) we get 

𝑢𝑖 + 𝑣1𝑎𝑖1 +  … + 𝑣𝑛𝑎𝑖𝑛 = 0  for 𝑖 ∈ [1,𝑚]  

𝑢𝑖  is always more or equal than zero for any values of 𝑖 because it has been chosen that way and 

therefore the other part of the equation should be: 

𝑣1𝑎𝑖1 +  … + 𝑣𝑛𝑎𝑖𝑛 ≤ 0  for 𝑖 ∈ [1,𝑚]  

Now let us suppose that  

𝑣1 + 𝑣2 +  … + 𝑣𝑛 ≤ 0 

 

  
𝑣1 + 𝑣2 +  … + 𝑣𝑛 ≤ 0
𝑣𝑗 ≥ 0, 𝑗 ∈ [1,𝑛]

  ⟹ 𝑣𝑗 = 0, 𝑗 ∈ [1,𝑛]  

  
𝑣𝑗 = 0, 𝑗 ∈  1,𝑛 

𝑢𝑖 + 𝑣1𝑎𝑖1 +  … + 𝑣𝑛𝑎𝑖𝑛 = 0,𝑖 ∈  1,𝑚 
  ⇒ 𝑢𝑖 = 0,    𝑖 = [1,𝑚]  
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Which contradicts the fact that   𝑢1 …  𝑢𝑚   𝑣1 … 𝑣𝑛  ∈ 𝑆𝑚+𝑛    

Thus, our assumption was wrong and  

𝑣1 + 𝑣2 +  … + 𝑣𝑛 > 0 

Hence we can find 𝑦 such that: 

𝑦1 =
𝑣1

𝑣1 + 𝑣2 +  … + 𝑣𝑛
 

𝑦2 =
𝑣2

𝑣1 + 𝑣2 +  … + 𝑣𝑛
 

⋮ 

𝑦𝑛 =
𝑣𝑛

𝑣1 + 𝑣2 +  … + 𝑣𝑛
 

 

And finally we take two of the already obtained formulas together which gets us to the key condition 

of the lemma: 

  
𝑣1𝑎𝑖1 +  … + 𝑣𝑛𝑎𝑖𝑛 ≤ 0,   𝑖 ∈ [1,𝑚]

𝑣1 + 𝑣2 +  … + 𝑣𝑛 ≤ 0
  ⟹ 𝑎𝑖1𝑦1 +  𝑎𝑖2𝑦2 +  … + 𝑎𝑖𝑛𝑦𝑛 ≤ 0,    for 𝑖 = 1,2,… ,𝑛 

This proves one of the two conditions (II) of this lemma which is sufficient because there is a logical or 

between its two parts. 

And now we need to return to the step were we started investigating one of the two possible cases 

and carry on with the alternative possibility.  

Now, let us review the second case. Once again, Let 𝐶 be a convex hull of the set of (𝑚 + 𝑛)  points 

𝛿(1) ,𝛿(2) ,… ,𝑎(1) ,𝑎(2) ,… ,𝑎(𝑛) . But this time: 𝑧 ∉ 𝐶  
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By Supporting Theorem II  we should be able to “draw” a hyperplane (a plane in a multidimensional 

space) through this points and so that a convex set 𝐶 is contained solely in one of the half-spaces limited by 

that hyperplane. There are 𝑚 dimensions in our space and therefore an equation that represents a 

hyperplane in it can be written in the following form where 𝑏1,𝑏2,… 𝑏𝑚+ 1 are coefficients in the linear 

equation and 𝑡1,𝑡2,… 𝑡𝑚  are its variables that correspond to the coordinates of the dimensions:  

𝑏1𝑡1 + ⋯+ 𝑏𝑚 𝑡𝑚 = 𝑏𝑚+ 1
 

But the free term must be equal to zero since our hyperplane runs through 𝑧 which is the origin of our 

space. Therefore the simplified version can be written down as: 

𝑏1𝑡1 + ⋯ + 𝑏𝑚 𝑡𝑚 = 0 

And we can suppose that any point  𝑡1  … 𝑡𝑚  of 𝐶 satisfies the inequality 

𝑏1𝑡1 +  … + 𝑏𝑚 𝑡𝑚 > 0 

since 𝑏1,𝑏2,… 𝑏𝑚+ 1 can be either all positive or all negative. This inequality must hold in particular for the 

points 𝛿(1) ,… ,𝛿(𝑚)  of 𝐶 and therefore 

𝑏1𝛿1𝑖 +  … + 𝑏𝑚𝛿𝑚𝑖 > 0 for 𝑖 ∈ [1,𝑚]  

which by the definition of the 𝛿 symbol that  

𝑏𝑖 > 0 for 𝑖 ∈ [1,𝑚]  

Moreover that same inequality must also holds 𝑎(1) ,… ,𝑎(𝑛)  and thus 

𝑏1𝑎1𝑖 +  … + 𝑏𝑚𝑎𝑚𝑖 > 0 for 𝑖 ∈ [1,𝑛]  

As we have already established all 𝑏-s are positive and therefore their sum is strictly positive too 

(𝑏1 +  … + 𝑏𝑚 > 0)  and consequently we can assign values according to this scheme: 
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𝑥1 =
𝑏1

𝑏1 + 𝑏2 +  … + 𝑏𝑚
 

𝑥2 =
𝑏2

𝑏1 + 𝑏2 +  … + 𝑏𝑚
 

⋮ 

𝑥𝑛 =
𝑏𝑚

𝑏1 + 𝑏2 +  … + 𝑏𝑚
 

And, taking into account the previously obtained inequality, this can be transformed in the following 

manner: 

𝑏1𝑎1𝑖 +  … + 𝑏𝑚𝑎𝑚𝑖 > 0 for 𝑖 ∈ [1,𝑛]  

⇓ 

𝑥1𝑎1𝑖 +  … + 𝑥𝑚𝑎𝑚𝑖 > 0 for 𝑖 ∈ [1,𝑛]  

and that is an even stronger statement than one of the statements (I) of our lemma: 

𝑥1𝑎1𝑖 +  … + 𝑥𝑚𝑎𝑚𝑖 ≥ 0 for 𝑖 ∈ [1,𝑛]  

..which completes the proof of the this lemma. 
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§ 6. Applying set theory 

I would like to give an alternative wording of the fundamental theorem or state a very similar theorem 

from the world of set theory. Referring to the map of the proof this is step that has been denoted as step 3. 

𝐴 is once again any matrix and its elements are as follows 

𝐴 =  

𝑎11 … 𝑎1𝑛

⋮  ⋮
𝑎𝑚1 … 𝑎𝑚𝑛

  

𝑋and 𝑌are two vectors from two different closed sets: 

𝑋 =  𝑥1 …𝑥𝑚  

𝑌 =  𝑦1 …𝑦𝑛  

And function 𝐸 𝑋,𝑌  is defined by this expression 

𝐸 𝑋,𝑌 =    𝑎𝑖𝑗 𝑥𝑖𝑦𝑗

𝑛

𝑗= 1

𝑚

𝑖= 1

 

Theorem 

max
𝑋

min
𝑌

𝐸(𝑋,𝑌)  

and 

min
𝑌

max
𝑋

𝐸(𝑋,𝑌)  

exist (1) and equal (2). 
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Proof (1) of existence 

As we can see from the definition of 𝐸(𝑋,𝑌)  for any values of 𝑌 the function is a continuous function 

of 𝑋 =  𝑥1 … 𝑥𝑚  which is only defined on a closed set. Therefore max𝑋 𝐸(𝑋,𝑌)  exists for each 𝑌 in its 

definitional domain and is a continuous piecewise linear function of 𝑌. Since 𝑌 is only defined on a closed 

subset of 𝐸𝑛  we therefore conclude that  min𝑌 max𝑋 𝐸(𝑋,𝑌)  exists. And the same can be easily proven for 

max𝑋 min𝑌 𝐸(𝑋,𝑌) . 

Proof (2) of equality 

I will now make use of the lemma that I have discussed in the previous section. As one may recall it 

consisted of two distinct parts that were interconnected with a logical or. Therefore to draw any conclusions 

from the statement that has been made in that lemma one should regard both parts successively. 

If condition (I) of lemma holds then there is an element  𝑥1 … 𝑥𝑚  of a closed set such that  

𝑎1𝑗𝑥1 +  𝑎2𝑗𝑥2 +  … + 𝑎𝑚𝑗 𝑥𝑚 ≥ 0,                for 𝑗 = 1,2,… ,𝑛 

Substituting the expressions and considering the definition of 𝐸(𝑋,𝑌)  we obtain 

𝐸 𝑋,𝑌 =  (𝑎1𝑗𝑥1 + ⋯+ 𝑎𝑚𝑗 𝑥𝑚 )

𝑛

𝑗= 1

𝑦𝑗 ≥ 0 

Since that holds for all values of 𝑌 in its range of definition and for the whole codomain it also holds for 

the elements which form a subset of that codomain: 

min
𝑌

𝐸(𝑋,𝑌) ≥ 0 

…and in a similar manner we show that it must be true of the subset of that subset … 

max
𝑋

min
𝑌

𝐸(𝑋,𝑌) ≥ 0 
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And now we ought to go back to the point where we made the assumption that condition (I) of the 

lemma holds. We will make an assumption that it does not hold (and therefore condition (II) holds) and do 

the similar steps to show that in this case  

min
𝑌

max
𝑋

𝐸(𝑋,𝑌) ≤ 0 

Since at least one of these two statements holds the following statement as a whole does not hold: 

max
𝑋

min
𝑌

𝐸(𝑋,𝑌) < 0 < min
𝑌

max
𝑋

𝐸(𝑋,𝑌)  

Now let 𝐴𝑘  be the matrix that is obtained from 𝐴 by subtracting 𝑘 from each of its element. And let 𝐸𝑘  

be the expectation function so that 

𝐸𝑘 𝑋,𝑌 =    𝑎𝑖𝑗 − 𝑘 

𝑛

𝑗= 1

𝑥𝑖𝑦𝑗

𝑚

𝑖= 1

 

where 𝑚 and 𝑛 are the numbers of elements in the closed sets that 𝑋 and 𝑌 belong to, respectively 

Therefore, 

𝐸𝑘 𝑋,𝑌 = 𝐸 𝑋,𝑌 − 𝑘 

As we already showed for 𝐴 and 𝐸(𝑋,𝑌)  it can be easily proved that this statement is wrong 

max
𝑋

min
𝑌

𝐸𝑘 (𝑋,𝑌) < 0 < min
𝑌

max
𝑋

𝐸𝑘 (𝑋,𝑌)  

substituting 𝐸𝑘 𝑋,𝑌  we obtain this incorrect statement 

max
𝑋

min
𝑌

𝐸 𝑋,𝑌 − 𝑘 < 0 < min
𝑌

max
𝑋

𝐸 𝑋,𝑌 − 𝑘 

and therefore this does not hold either 

max
𝑋

min
𝑌

𝐸 𝑋,𝑌 < 𝑘 < min
𝑌

max
𝑋

𝐸 𝑋,𝑌  

and since that is wrong for ∀𝑘 this should be false too 

max
𝑋

min
𝑌

𝐸 𝑋,𝑌 < min
𝑌

max
𝑋

𝐸 𝑋,𝑌  

but both of them do exist and must be in some kind of relationship. There for this statements is true: 

max
𝑋

min
𝑌

𝐸 𝑋,𝑌 ≥ min
𝑌

max
𝑋

𝐸 𝑋,𝑌  

However by the Supporting Theorem I   

max
𝑋

min
𝑌

𝐸 𝑋,𝑌 ≤ min
𝑌

max
𝑋

𝐸 𝑋,𝑌  

and thus the two parts must be equal which completes the proof. 
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§ 7. Linking 

 

And now I would like to talk about the part of the proof that is very often being dismissed or discussed 

very briefly. This is the final step in my map of the proof that I have established in §4 of this paper. The 

wording that I have chosen in §3 obviously does not match the wording that has been successfully proved in 

§6. 

Since everything is symmetric, it is going to be enough to illustrate the logic behind this for just one of 

the players. Let matrix 𝐴 be the payoff matrix for player 1. Player 1’s strategy is described by vector 𝑋, 

where each element of the vector (𝑥1,𝑥2, . . . ,𝑥𝑚 )  is a probability of making an 𝑚-type move (or in other 

words, choosing row 𝑚). Note that (𝑥1 + 𝑥2 +  .. .+ 𝑥𝑚 = 1) .  𝑌, similarly, is player 2’s strategy. 𝐸(𝑋,𝑌)  

returns an expected wining for player 1’s single game. 𝑋 strives to maximize its owner’s payoff while 𝑌 

works in the opposite direction. By §6 the minimax and the maximin values exist and equal. Which means 

that there are strategies 𝑋 and 𝑌 that can create that minimax value. And by Supporting Theorem I II that 

value is the saddle point of the player 1’s payoff function. And the saddle point is, in fact, a stable solution 

by its definition! To sum up, there is an arbitrary two person constant-sum game represented by matrix 𝐴. 

The numbers of possible moves for both players are finite (𝑚 and 𝑛). There is a stable solution and a value. 

If one of the elements of vectors 𝑋 or 𝑌 is equal to 1 that vector represents a pure strategy. If none of the 

elements are equal to 1 then both strategies are mixed. The best possible payoffs for both players are 

present. For player 1 it is the minimax value and the best possible payoff for player 2 can be calculated from 

his own payoff matrix. Note that the strategy choices will match since the payoff matrixes are designed for a 

constant sum game. 

This matches the wording of the theorem that I was aiming to prove in this paper. My work is now 

complete. 
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§ 8. Conclusion 

In this paper I tried to show that the fundamental theorem of game theory can be proved without any 

deep knowledge in mathematical economics. All that is needed to understand this proof is just a little time 

and some attention to follow through all of its steps. There is no doubt that some beginners in economics 

and theory of games may find some of the steps hard to handle due to a different level of basic 

mathematical background. Nonetheless, I tried to make this paper as easy-to-read and as accessible to a 

non-specialist as a paper of this sort can possibly be. 

Even thought a considerable portion of the mathematical layouts has been borrowed from the book by 

J. C. C. McKinsey I find that my work has introduced a lot of new concepts and was able to link the faceless 

mathematical formulas to the reality of game theory and strategic decisions. In addition to that, I have 

developed my own wording of the theorem by improving, generalizing and correcting the existing ones. In 

some ways this wording is much better than the ones that are currently used in many academic papers 

written at a much higher level. I hope that my work will be read by other students of economics and that 

they will benefit from its approach.  
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